Starting from the Braginskii fluid equations, a set of nonlinear reduced equations are derived which describe the low frequency dynamics of electron and ion energy and density in a toroidal plasma. The equations have an energy integral. The equations are appropriate for studying the relation between electron and ion thermal transport and particle transport in low temperature plasma near the edge of plasma confinement devices.
I. INTRODUCTION
The understanding of anomalous transport in magnetically confined plasmas requires the development of models which can describe the dynamical evolution of potential, density, temperature, and possibly magnetic perturbations. In systems in which the ambient scale lengths are long compared to the characteristic Larmor radii of either ions or electrons e,i , instabilities driven by density or pressure gradients typically have characteristic time/space scales which are slower than the characteristic gyro-frequencies ce,i and longer than the Larmor radii,
with L Ќ a characteristic transverse scale length of the plasma. In this case it is useful to derive a set of reduced equations in which the cyclotron motion of the particles is eliminated. The resulting equations describe only the low frequency motion of the system and therefore are suitable for studying the long time evolution of low frequency instabilities in magnetized plasmas. We focus specifically on low ␤ plasmas which are sufficiently collisional that the Braginskii equations 1 are valid. Reduced equations of various subsets of the Braginskii equations have been derived by many authors ͑see, for example, Ref. 2͒, neglecting either ion or electron temperature dynamics, assuming an adiabatic electron response or applying other additional approximations. [3] [4] [5] [6] For a survey see Ref.
7. For the cold ion limit the complete set of reduced equations is derived in Ref. 5 including the corresponding energy integral. The earlier treatments of the ion pressure ͑see, for example, Ref. 4͒ suffer from the neglect of the compression due to the ion polarization drift. Recently Kim et al. 8 demonstrated how to treat this term properly. The electron part of the dynamics, however, is still neglected in this work. Since previous derivations remain incomplete it is the primary goal of this paper to extend Ref. 5 to fully include ion thermal effects. This work is complicated by the fact that finite Larmor radius effects must be systematically included as outlined in Ref. 8 .
Although the electrostatic approximation is prevalent in numerical studies of turbulent edge transport, the models discussed here avoid that approximation and retain the magnetic perturbations. Estimating the importance of these perturbations from Ohm's law as shown later, one expects an electrostatic model to be sufficient for ␣ mhd ϭϪq 2 R␤ЈӶ1-a condition which is often violated in the edge of high performance tokamaks.
In Section II we present a brief derivation of the reduced Braginskii equations with full ion dynamics and then in Section III discuss the energy conservation properties of the equations. In Section IV we show that the general reduced Braginskii equations can be further truncated using a linearization procedure when the characteristic scale length of the turbulence is small compared with the equilibrium scale length. The final equations are suitable for studying both electron and ion thermal transport in collisional plasmas such as in the edge region of tokamaks and other confinement machines.
II. REDUCED BRAGINSKII EQUATIONS
We start the derivation of the reduced Braginskii equations from the momentum balance relations
͑3͒
where the electron mass is neglected, electron and ion densities are both denoted by n, assuming quasi-neutrality, and E ជ ϭϪٌϪ(1/c)‫ץ‬A ជ /‫ץ‬t. Keeping collisional effects only in the direction parallel to the magnetic field, the momentum transfer term takes the form
Electronic mail: asz@ipp-garching.mpg.de with ʈ the Spitzer resistivity. In the ion stress-tensor we neglect terms depending on the collisional time ͑keeping only the finite Larmor radius contribution͒ and parallel gradients. The remaining components yield
with b ជ ϭB ជ /B, the ion cyclotron frequency ci ϭeB/m i c and the ion diamagnetic drift-velocity v ជ di ϭc/(enB 2 )B ជ ؋ٌp i . A fundamental assumption made in deriving a set of reduced equations for plasma dynamics is that the characteristic time scales are slower than the ion cyclotron frequency and space scales are longer than the ion Larmor radius. Under these conditions the perpendicular components of the first and third terms on the right hand side of Eq. ͑2͒ dominate and to lowest order the ion velocity perpendicular to B ជ is given by
We formally obtain the correction to the lowest order velocity v ជ pol ϭv ជ Ќi Ϫv ជ Ќi0 by inserting Eq. ͑5͒ into Eq. ͑2͒, crossing with b ជ and keeping corrections of order
As discussed previously, 5 energy conservation requires the retention of the polarization drift in the convective derivative even though it is formally small in the ordering. Similarly we obtain from Eq. ͑3͒ the electron perpendicular velocity
with the electron diamagnetic drift-velocity v ជ de ϭϪc/(enB 2 )B ជ ؋ٌp e . Because the frequency of compressional magnetosonic waves, m ϳV A ٌ Ќ with V A ϵB/ͱ4, typically satisfies Ӷ ci , the description of such waves is still contained in the formalism at this point. Now, however, we extend the low-frequency assumption to the regime Ӷ m , where the plasma motion is nearly incompressible. In this regime the electromagnetic contribution to E ជ Ќ , which is associated with perturbations in the toroidal component of B ជ , can be estimated from the condition of total pressure balance, and ͓for ‫ץ‬ t given by Eq. ͑1͔͒ leads to corrections that are O(␤)Ӷ1. As a result, in v ជ pol as well as in the expressions for d/dt that follow, we can take the perpendicular electric field to be electrostatic so that v ជ E Ӎ(c/B
2 )B ជ ؋ٌ.
In this low-frequency limit, the motions of the plasma are governed by the vorticity equation, which can be obtained as follows. Since we assume the plasma to be quasineutral the ion and electron continuity equations
must yield the same evolution of n. The implied constraint is obtained by subtracting the two equations and leads to the vorticity equation
where we have used the relation for j ʈ given in Eq. ͑4͒ and ٌ ʈ ϭb ជ -ٌ. In the low ␤ limit the diamagnetic depression of the toroidal field can be neglected and the magnetic field can be written in terms of the vacuum toroidal component and a poloidal flux function ϭϪA ʈ as
where B 0 is the vacuum toroidal field at RϭR 0 , and is the toroidal angle. An equation for follows from the parallel component of the generalized Ohm's law in Eq. ͑3͒, with R eiʈ given in Eq. ͑4͒,
Neglecting the displacement current, j ʈ Ӎcٌ Ќ 2 /4. To obtain an equation for the evolution of v ʈi we add the parallel components of Eqs. ͑2͒ and ͑3͒ using Eq. ͑5͒, which gives
The ion temperature T i is evolved according to the Braginskii equation
where we neglect the collisional perpendicular heat flux and the parallel heat conduction. Keeping only the finite Larmor radius parts of the stress tensor and neglecting parallel gradients, we obtain P i (v ជ ):ٌv ជ ϭ0 ͑an explicit specification of v ជ is not required to obtain this result͒. ٌ-v ជ i is eliminated using Eq. ͑9͒,
͑15͒
where we have used the relations v ជ di -ٌp i ϭ0 and p i ϭnT i . The fourth term in Eq. ͑14͒ is transformed to
Inserting Eqs. ͑15͒ and ͑16͒ into Eq. ͑14͒ we obtain the ion temperature equation
The ion pressure equation results if dn/dt is evaluated using the ion continuity equation Eq. ͑9͒,
͑18͒
The electron temperature T e is determined by the Braginskii equation Equations ͑9͒, ͑10͒, ͑12͒, ͑13͒, ͑18͒, and ͑21͒ completely describe the dynamics of plasma with finite electron and ion pressure. At this point we clarify the accuracy with which the magnetic field must be specified in the various locations in the equations. The magnetic field B ជ which appears in the E ជ ؋B ជ , diamagnetic drifts and the ion and electron pressure equations can be approximated by the vacuum toroidal field ͓first term on the right side of Eq. ͑11͔͒. The ٌ ʈ operator must be written as
Aside from Ohm's law ͓Eq. ͑12͔͒, this is the only location where the poloidal magnetic field and poloidal magnetic perturbations enter the equations.
As noted in the introduction, the importance of the magnetic perturbations can be estimated from Ohm's law ͓Eq. ͑12͔͒ by comparing the time derivative of the poloidal flux ‫‪t‬ץ/ץ‬ to the resistive term c ʈ j ʈ Ӎ(c 2 /4) ʈ ٌ Ќ 2 . When the resistive term dominates, magnetic perturbations can be neglected. Assuming ‫ץ/ץ‬tϳ␥ 0 and ٌ Ќ 2 ϳ1/L 0 2 for ␥ 0 , L 0 characteristic of drift-resistive ballooning modes:
, one finds ‫‪t‬ץ/ץ‬ is negligible under the condition given earlier, ␣ mhd Ӷ1.
III. ENERGY CONSERVATION
To derive the energy conservation we multiply Eq. ͑10͒ by e and integrate over all space. Integrating by parts and dropping the surface integrals yields
Integration of the ion pressure equation Eq. ͑18͒ yields
͑24͒
Adding the terms with v ជ pol in Eqs. ͑23͒ and ͑24͒ and inserting v ជ pol ͓Eq. ͑7͔͒ leads to
where the last two terms in Eq. ͑7͒ for v ជ pol arising from the ion stress tensor exactly cancel and where we have used the relation
Terms ͐dV͓n df/dt͔ are treated using the continuity equation
Therefore the sum of Eqs. ͑23͒ and ͑24͒ takes the form derived to describe the dynamics of electron and ion thermal fluctuations, and potential, density, and magnetic fluctuations in magnetically confined plasma. Two limits have been considered. When the scale lengths of the fluctuations and equilibrium are comparable, the fluctuations can be comparable in amplitude to equilibrium quantities and no distinction between equilibrium and fluctuation has been made. The energy conservation law is of the classical form: kinetic energy associated with the motion of the ion fluid parallel and perpendicular to the magnetic field, thermal energy associated with both the electrons and ions, and magnetic energy. When the scale length of the fluctuations is small compared with equilibrium scale lengths, the fluctuation amplitudes are small and many of the nonlinearities in the system of equations can be discarded. The resulting equations are less complicated and can be readily utilized to study the relationship between particle and electron and ion thermal flux in low temperature plasma.
